1* Introduction* The definition of uniform distribution of sequences of algebraic integers in a fixed algebraic number field K was introduced by Kuipers, Niederreiter, and Shiue [5] . In the present paper, we shall develop the theory from a measure-theoretic viewpoint.
After establishing some general facts in § 2, in particular, the analogy between uniform distribution of sequences of algebraic integers in K and of sequences of lattice points, we discuss in § 3 a method of enumerating all algebraic integers in K into a uniformly distributed sequence. This enumeration method is useful for the construction of other uniformly distributed sequences and plays a role in the density theory. In § 4, we define a so-called Banach-Buck measure on the ring of all algebraic integers in K. Various relations between this measure and the property of uniform distribution are exhibited. Based on Buck's general concept of density, we introduce in the final section the ideas of relative density and of density of sets of algebraic integers in K. We establish connections among the concepts of uniform distribution, measurability, and relative density of sequences of algebraic integers in K. A variety of interesting problems emerge in this study.
Proof. The necessity is trivial. To prove sufficiency, we choose a nontrivial integral ideal IaO. Since 0/1 is an additive group of order *sf~I f we have the coset identity (<yf^I)(l + /) = /, and so Q I. The rest follows from Lemma 2.3.
If an integral basis W = {ω u •• ,ω fc } of K over Q is chosen, then for every aeO we have a = Σ*=i%i ω i with x t eZ for 1 ^ i ^ k. The identification of a with the lattice point (x u **,x k ) provides a group isomorphism between 0 and Z k . Thus, all the subsequent results that depend only on the set-theoretic or additive structure of 0 have an analogue in Z k , and vice versa. In the sequel, we shall DENSITY, AND UNIFORM DISTRIBUTION 193 sometimes identify a sequence in 0 with one in Z k , and vice versa. An equivalent form of the following definition can be found in [6] . If one identifies the integral ideal mO of 0 with the subgroup mZφ ••• 0mZ of Z fc , then in view of Theorem 2.4 and Definition 2.5, the uniform distribution of a sequence in 0 is equivalent to the uniform distribution of the corresponding sequence in Z k . We shall write exp (£) = e 2πit for any real number t.
, a k ) and 6 = (6 X , , b k ) are two vectors of the euclidean space R k , then α δ = Σ* =1 α < 6 < will denote their standard inner product. The following is well-known (see [10] for the case k = 1 and [6] Without loss of generality, we shall prove that X λ is u.d. in Z. Let m ^ 2 be a rational integer, and let 0 < j < m. Then,
Letting N-* oo, we have by Theorem 2.6, and the desired conclusion follows from the Weyl criterion for u.d. in Z.
The cube method can be used to find an enumeration (without repetition) of all lattice points in Z k into a u. Proof.
. It is obvious that X is a sequence arising from the sequences X l9 •••, X k by the cube method. The result follows then from Theorem 3.1 and a result of Niven [8] (see also [4, p. 308] ). 4* The Banach-Buck measure* In this section, we shall define a finitely additive measure on 0, the ring of all algebraic integers in a fixed algebraic number field K. This idea was first used by Buck [1] in his discussion of density of sets of rational integers. Later on, M. and S. Uchiyama [9] applied Buck's idea to the theory of uniform distribution of rational integers. See also [3] and [4, Ch. 5 
If / is an integral ideal, then the ring O of all algebraic integers of K is partitioned into cosets of /. Let S3 consist of the empty set and of all finite unions of cosets of nonzero ideals of 0. It is easilyseen that S3 is an algebra. 
One checks in a straightforward manner that μ is well defined. Obviously, μ is a finitely additive normed measure on S3. The proof of the following simple characterization of u.d. in 0 can be left to the reader. From general measure theory, we know that S3 is an algebra containing S3 with μ* a finitely additive normed measure on it. The following statements are equivalent:
(1) FeS; (2) μ*(F) + μ*(F') = 1; ( 3) for any ε > 0, there exist E ίf E 2 e S3 such that and μ{E\E 2 ) < ε; ( 4) μ*(F) = μ*(F), where μ*(F) = sup {μ(#): FF or i^e S3, we shall write ^(ί 7 ) instead of μ*(F). The measure μ on S is called the Banach-Buck measure. The following result shows that we could have included the finite subsets of 0 in the original algebra 33, as was done in [1] . THEOREM 
If F is a finite subset of 0, then Fe^d and μ(F) = 0.
Proof. Without loss of generality, we may assume that F consists of one algebraic integer only, say F -{a}. Let I = mO, where m is a positive rational integer. Then <yV*I = m k . Obviously, Faa + I, and so μ*(F) <; μ(a + I) = m~k. Letting m-> oo, we obtain μ*(F) = 0, hence μ*(F) = μ*(F) = 0. Proof. Suppose there is a coset E of a nonzero integral ideal such that Af]E= 0. Then A £ E\ and so μ*(A) ^ μ(E') = 1 -μ(E) < 1. Now assume that μ*(A) < 1. Then there is a set Ee^d such that A Q E and μ(2£) < 1. Let I be a nonzero integral ideal such that E = Uϊ=i ( α * + ^) Since ^(.K) < 1, there must be a coset β + I such that 2? n CS + I) = 0, and so A Π (β + I) = 0. EXAMPLE 4.6. The set C of all composite algebraic integers of 0 has outer measure 1. Because of Theorem 4.5, we need only prove that CΠ (oc+I) Φ 0 for any coset a +1 of I, where / is an arbitrary nonzero integral ideal. Without loss of generality, we may assume a Φ 0. Choose a composite rational integer m satisfying m = 1 (mod ^VΊ) 9 for instance, m = {^ΓI + I) 2 . Then ma = a (mod /), ma Φ 0, mα is not a prime in O (since m can already be decomposed nontrivially), and ma is not a unit (otherwise, m were a unit). In other words,
The following two theorems were first observed by M. and S. Uchiyama [9] in the case of rational integers. Later on, Dijksma and Meijer [3] corrected an error in [9] . Our proof is essentially the same as the corrected version of the argument in [9] . For the sake of completeness, we still give the details. Since feS, we have μ*{F) = μ*{F) = μ(F) 9 and the proof is complete. REMARK. We can even prove that a set Ag 0 satisfies μ*(A) = 1 if and only if its elements can be arranged into a u.d. sequence in 0. The sufficiency follows, of course, from Theorem 4.8. In the proof of the necessity, techniques of a different type are involved. The reader is referred to [7] . Proof. This is a direct consequence of Theorems 4.5 and 4.8. , be a sequence of all algebraic integers in 0 enumerated by the cube method with respect to a given integral basis (see Definition 3.2 and the remarks following Theorem 2.4). Let Jzf be the subsequence consisting of all points of &} except those on the axes. Then, obviously, jy differs from & by infinitely many terms. We shall show that stf satisfies the conditions in Corollary 4.9.
Obviously, A Π {a + mO) Φ 0 for any nonzero rational integer m and any aeO, so that A intersects any coset of any nonzero integral ideal. To show that A is measurable, consider the principal ideal mO for any m^2,weZ. There are m k -k(m -1) -1 cosets contained completely in A. The measure of their union is given by
Letting m-• oo, we get μ*(A) ^ 1. So, μ*(A) = 1 = μ*(A), and A is measurable. If k -1, one may take for ^ the sequence 0,1, -1, 2, -2, and for J^ the subsequence consisting of all positive or negative composite rational integers. 
(T) ^ D W (T) ^ μ*(T). To prove this, choose Eet8 such that TQE.
Then we have = lim *ULΏ. * lim and so ZV(T) ^ j"*(T)._ Similarly, one proves that (v) For any feS, the relative density is independent of the integral basis chosen. This is a direct consequence of Remark (ii) and the fact that μ(F) is independent of the integral basis chosen.
The following questions arise naturally. Let A e $8 W ; if another integral basis V is chosen, is it necessary that 4GS F in general?
If it were, is it true that D W (A) = D V (A)Ί The first question is still
open. Our conjecture is that the answer is negative. As to the second question, the answer turns out to be negative. 
The right-hand side of the inequality follows with c 2 = t k . The left-hand side can be proved in a similar way. We choose the smallest positive integer s such that the set {Σ*=i 2/Λ
: Vi e ^> I Vi I ^ s for 1 ^ ί ^ k) contains the set {Σ*=i and so
Thus we have the desired result with c t = s~k.
REMARK. The values of t and s in the proof of the preceding theorem can be determined as follows. Since W is an integral basis, we have for 1 <; i <^ k, with a ti e Z.
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Every "vertex" of the "unit cube" {Σ?U VM: V t e Z, \ y t | ^ 1 for 1 î ^ k} is of the form Σ?=i δ A> where e, = 1 or -1. However, Therefore, t = max i==1 ,..., fc Σί=i I α *i l By interchanging the roles of TF and V, the value of s can be found in the same way. If the relative density of a given set A £ O is independent of the integral basis chosen, then we simply call it the density of A and denote it by D(A). Let 35 be the collection of all A Q 0 such that D(A) exists.
We have shown that S3 £ 35 and, if A Q 0 with relative density 0 or 1, then Ae^&. The following question arises: is it necessary, in general, that a set of density 0 or 1 be a measurable set? We shall answer this question by giving the following example. 
, be a sequence of all algebraic integers in 0 enumerated by the cube method with respect to an integral basis W. We shall use the notation a ;> β if a is equal to or after β in the sequence ,^?. Let A = {a l9 a 2j
•} be constructed inductively as follows: choose a x e E^ then choose a 2 e E 2 with a 2 Φ a x and a 2 ^ p 4 ; in general, choose a n e E n with a n Φ a t for i < n and a n ^ /^2. This construction is possible since each E n is infinite. Note that B W {N 2 , A)^N for N ϊ> 1, so that D(A) = 0. We claim that A is not measurable. Indeed, it follows from the above construction that A intersects every coset of every nonzero integral ideal, and so μ*(A) = 1 by where W is any integral basis. The last inclusion is proper for k > 1 (see Example 5.2) , the other inclusions are proper in all cases (see Theorem 4.4 and Example 5.5) . One should observe that S3 is not an algebra. This is well-known for k = 1 (see [1] ). For k > 1, we have constructed in Example 5.2 a finite intersection of "halfspaces" (with respect to the integral basis V) that is not in 33. However, each individual half-space is in 33 by the argument in Example 5.6.
We discuss now some relations between density and uniform distribution. We remark that relations of a different type between density of sets of lattice points and uniform distribution mod 1 have been found by Volkmann [11] . The following theorem was first proved by Niven [8] in the case of rational integers. The proof of its generalization to the case of algebraic integers goes through in exactly the same way, and so it is omitted. 
